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2 Instanes of MIN-BISECTION ProblemWe are going to de�ne the instanes of the MIN-BISECTION problem studiedin our paper.� MIN-BISECTION: Given an undireted graph, partition the verties intotwo equal halves so as to minimize the number of edges with exatly oneendpoint in eah half.� Paired MIN-BISECTION: Given an undireted graph, and a set of pairs ofits verties, partition the verties into two equal halves so as to split eahgiven pair of verties and to minimize the number of edges with exatly oneendpoint in eah half.� Weighted MIN-BISECTION: Given a weighted undireted graph, partitionthe verties into two equal halves so as to minimize the sum of weights ofthe edges with exatly one endpoint in eah half.We refer to a graph G = (V;E) as a dense graph if its minimal degree is �(n).We all a graph G planar, if G an be embedded into a plane graph. A weightedomplete graph G is alled metri, if G an be embedded into a �nite metrispae.� Dense MIN-BISECTION is the MIN-BISECTION problem restrited tothe dense graphs.� Dense Paired MIN-BISECTION is the Paired MIN-BISECTION problemrestrited to the dense graphs.� Planar MIN-BISECTION is the MIN-BISECTION problem restrited tothe planar graphs.� Metri MIN-BISECTION is the Weighted MIN BISECTION problem re-strited to the metri graphs.We de�ne, in a similar way, the dual MAX-BISECTION problems for thegeneral, dense, planar and metri graphs, respetively.It is not diÆult to see that the dense and metri instanes of MIN-BISECTION and Paired MIN-BISECTION are both NP-hard in exat setting(f. [AKK95℄, [BF99℄, [FK98b℄). It was proven reently that the Planar MAX-BISECTION ([J00℄, see also [JKLS01℄) is NP-hard in exat setting, however thestatus of the Planar MIN-BISECTION remains still an intriguing open problem.We refer to [K01a℄ and [K01b℄ for a survey on approximability of dense andsparse instanes of some other NP-hard ombinatorial optimization problems.2



3 Dense Instanes of MIN-BISECTION, PairedMIN-BISECTION, and MIN-2SATWe onsider here also the following minimization problems.� MIN-2SAT: Given a 2CNF formula, onstrut an assignment as to minimizethe number of lauses satis�ed.We refer to the 2CNF formula to be dense if the number of ourrenes ofeah variable is �(n).� Dense MIN-2SAT is the MIN-2SAT problem restrited to the dense formu-las.It is known that the large fragments of Minimum Constraint Satisfation(MIN-CSP) problems do not have polynomial time approximation shemes evenif restrited to the dense instanes (see [CT96℄, [KZ97℄, [BFK01℄). It has turnedout however, a bit surprisingly, that the dense instanes of MIN-BISECTION dohave a PTAS [AKK95℄.Theorem 1. ([AKK95℄) There exists a PTAS for Dense MIN-BISECTION.The method used in [AKK95℄ depended on a new tehnique of approximatingSmooth Polynomial Integer Programs for large values of objetive funtions, anda biased radial plaement method for the small values. The variant of thattehnique was used in Bazgan and Fernandez de la Vega [BF99℄ to prove thatdense instanes of Paired MIN-BISECTION possess a PTAS.Theorem 2. ([BF99℄) There exists a PTAS for Dense Paired MIN-BISECTION.The above result was used to derive the existene of a PTAS for dense instanesof MIN-2SAT. It has turned however out that the proof in [BF99℄ ontained anerror. The orreted proof was established in Bazgan, Fernandez de la Vega andKarpinski [BFK01℄.Theorem 3. ([BFK01℄) There exists a PTAS for Dense MIN-2SAT.We notie that both Paired MIN-BISECTION and MIN-2SAT are both prov-ably MAX-SNP-hard (f. [BF99℄, [KKM94℄), and thus not having PTASs underusual omplexity theoreti assumptions. Intriguingly, all attempts to establisha onnetion between the approximation hardness of Paired MIN-BISECTIONand MIN-2SAT and the approximation hardness of MIN-BISECTION have failedutterly up to now. The approximation hardness status of MIN-BISECTION re-mains an outstanding open problem. At the moment we are not even able toexlude a possibility of existene of a PTAS for that problem.3



Open Problem 1. Is MIN-BISECTION NP-hard to approximate to within aonstant fator?On the positive side, there was reent substantial improvement on approxi-mation ratio for MIN-BISECTION, f. Feige, Krautghamer and Nissim [FKN00℄,and Feige and Krautghamer [FK00℄.Theorem 4. ([FK00℄) MIN-BISECTION an be approximated in polynomialtime to within O(log2n) fator.[FK00℄ gives also an improved approximation fator for planar instanes ofMIN-BISECTION.Theorem 5. ([FK00℄) Planar MIN-BISECTION an be approximated in poly-nomial time to within O(logn) fator.4 Planar Instanes of MIN-BISECTIONThere has been a very reent progress on the approximability status of planarMAX-BISECTION resulting in design of the �rst PTAS for that problem, andalso in the �rst proof of its NP-hardness in exat setting [J00℄, [JKLS01℄.The status of planar MAX-BISECTION was an open problem for a long time.An intriguing ontext for that problem is the fat that planar MAX-CUT an beomputed exatly in polynomial time [H75℄. An additional paradigm onnetedto it was based on analysis of ut polytops, and the fat that the value of theplanar MAX-CUT semide�nite relaxation with triangle onstraints is just equal tothe value of the optimal ut (f. [BM86℄ for the bakground). The orrespondingproblem for bisetional polytops however remains still open.The exat omputation status for planar MAX-BISECTION was resolved re-ently by Jerrum [J00℄ (f. also [JKLS01℄) in proving its NP-hardness. The teh-nique of his proof is similar to the method used by Barahona [B82℄ for the planarspin glass problem within a magneti �eld, and is based on the NP-hardness ofthe maximum independent set on 3-regular planar graphs.Theorem 6. ([J00℄) Planar MAX-BISECTION is NP-hard in exat setting.Soon after Jansen, Karpinski, Lingas and Seidel [JKLS01℄ were able to designthe �rst PTAS for planar MAX-BISECTION, and for some speial ases of planarMIN-BISECTION. The method of solution depended on a new method of �ndingmaximum partitions of bounded treewidth graphs, ombined with the tree-typedynami programmingmethod of dividing planar graph into k-outerplanar graphs[B83℄.Theorem 7. ([JKLS01℄) There exists a PTAS for Planar MAX-BISECTION.4



We notie that Theorem 6 and 7 do not entail readily any orrespondingresult for planar MIN-BISECTION. The reason being that the operation of om-plementing an instane of planar MAX-BISECTION does not result in a planarinstane of MIN-BISECTION (alike some other situations).However, the results of [JKLS01℄ entail also the following.Theorem 8. ([JKLS01℄) There exists a PTAS for instanes of the Planar MIN-BISECTION with a size of minimum bisetion 
(n log logn/logn).The proof of Theorem 8 depends on the fat that the PTAS of Theorem 7works for the partitionings of the treewidth up to O(logn). We observe, by theplanar separator theorem [LT79℄ for bounded degree planar graphs, that the sizeof minimum bisetion is O(pn). This fat yields alsoTheorem 9. ([JKLS01℄) Given an instane G of Planar MIN-BISECTION ofsize n and maximum degree d, a minimum bisetion of G of size O(dpn) an beomputed in time O(nlogn).The problem on whether Planar MIN-BISECTION admits PTAS, or perhapseven polynomial time exat algorithms, remains open.Open Problem 2. Is Planar MIN-BISECTION NP-hard in exat setting?Open Problem 3. Does Planar MIN-BISECTION have a PTAS?We will study in the next setions the ase of metri MIN-BISECTION, andonneted problems of metri MIN-CLUSTERING.5 Metri Instanes of MIN-BISECTION andMIN-PARTITIONINGMetri (and more restritively, geometri) instanes of ombinatorial optimizationproblems our in a number of realisti senarios and are strongly motivated byvarious appliations (f.[H97℄). The instanes of suh problems are given byembeddings in �nite metri spaes.We onsider �rst metri MAX-CUT, i.e. the problem of partitioning a given�nite metri spae (V; d) so as to maximize the sum of distanes aross the par-tition.Fernandez de la Vega and Kenyon [FK98b℄ were the �rst to design a PTASfor the Metri MAX-CUT. Their method followed the earlier work of Fernandezde la Vega and Karpinski [FK98a℄ on existene of a PTAS on dense weightedinstanes of MAX-CUT. 5



Theorem 10. ([FK98b℄) There exists a PTAS for Metri MAX-CUT.In a very reent work, Fernandez de la Vega, Karpinski and Kenyon [FKK03℄resolved �nally the status of the Metri MIN-BISECTION problem by provingan existene of a PTAS for that problem. The method of the solution dependson a new kind of biased sampling and a new type of randomized rounding. Themethod of the solution ould be also of independent interest.Theorem 11. ([FKK03℄) There exists a PTAS for Metri MIN-BISECTION.The method of [FKK03℄ gave also rise to the onseutive solution for MetriMIN-kCLUSTERING problems, see the next Setion.We are going to extend now the notion of the metri minimum bisetion tothe notion of size onstranted K-ary minimumpartioning of a �nite metri spae,as well as metri MIN-k-CUT problems.� K-ary metri MIN-PARTITIONING:Given a �nite metri spae (V; d) of size n, and a sequene of sizes(n1; n2; : : : ; nk) suh that nPi=1ni = n, onstrut a partition of V into K partsof sizes (n1; n2; : : : ; nk) so as to minimize the sum of distanes between thedi�erent parts.� Metri MIN-k-CUT:Given a �nite metri spae (V; d), onstrut a partitioning of V into k partsso as to minimize the sums of distanes between di�erent parts.� Metri MIN-MULTIWAY-k-CUT:Given a �nite metri spae (V; d) and a set of k terminals T � V , onstruta partition of V so as to disonnet every terminal from eah other and tominimize the sums of distanes between di�erent parts.The paper [FKK03℄ gives the �rst PTASs for the above problems.Theorem 12. ([FKK03℄) There exists a PTAS for K-ary Metri MIN-PARTITIONING.Theorem 13. ([FKK03℄) There exist PTASs for Metri MIN-k-CUT and MetriMIN-MULTIWAY-k-CUT. 6



6 Metri Instanes of MIN-CLUSTERINGProblemsWe introdue now the lass of important, in a sense, dual metri lustering prob-lems.� Metri MIN-k-CLUSTERING:Given a �nite metri spae (V; d), partition V into k sets C1; C2; : : : ; Ck soas to minimize the sum kPi=1 Px;y2Ci d(x; y) (alled the sum of intra-lusterdistanes).The status of metri MIN-2-CLUSTERING problem was left open in [FK98b℄,and solved later by Indyk in [I99℄. The main diÆulty to be overome in Indyk'ssolution was opying with the situations where the value of max-ut was muhhigher than the value of the 2-lustering.Theorem 14. ([I99℄) There exists a PTAS for Metri MIN-2CLUSTERING.Finaly, Fernandez de la Vega, Karpinski, Kenyon and Rabani [FKKR02℄proved the following general result on metri MIN-k-CLUSTERING.Theorem 15. ([FKKR02℄) There exists a PTAS for Metri MIN-k-CLUSTERING for eah k.7 Sparse Instanes of MIN-BISECTIONWe turn our attention to the dual lass, i.e. to the lass of sparse instanes. Forthe representative of this lass we hoose the lass of 3-regular graphs.We introdue �rst some notation. We will all an approximation algorithmA for an optimization problem P , an (r(n); t(n))-approximation algorithm, if Aapproximates P within a fator r(n), and running time of A is O (t(n)) for n thesize of an instane.The following result has being proven reently by Berman and Karpinski[BK01℄.Theorem 16. ([BK01℄) Suppose there exists an (r(n); t(n))-approximationalgorithm for 3-regular instanes of MIN-BISECTION. Then there exists an(r(n3); t(n3))-approximation algorithm for MIN-BISECTION on general in-stanes.The onstrution of [BK01℄ an be modi�ed as to yield a similar result on3-regular planar graphs. In suh a modi�ation we use a slightly larger piee of7



hexagonal mesh, and replae eah edge between a pair of nodes with a pair ofedges between meshes that replaed those nodes (f. [BK01℄).Theorem 17. Suppose there exists an (r(n); t(n))-approximation algorithm for 3-regular instanes of Planar MIN-BISECTION. Then there exists an (r(n3); t(n3))-approximation algorithm for Planar MIN-BISECTION.Theorem 16, and 17 give a relative hardness of 3-regular instanes of MIN-BISECTION. The approximation lower bound status of MIN-BISECTION, and,in fat, the exat omputation lower bound for Planar MIN-BISECTION, remainimportant and intriguing open problems.It is also interesting to notie that the reent improvements in approximationratios for 3-regular instanes of MAX-BISECTION (f. e.g. [FKL00℄, [KKL00℄)were not paralleled by the analogous improvements on the 3-regular instanes ofMIN-BISECTION. Theorem 16, and 17 give good reasons for this development.As for the general MIN-BISECTION problem, Feige [F02℄ was able to provereently a relative hardness result on approximating it within some onstantfator, onneting it to a hypothesis on the approximate hardness of random3SAT formulas (f. for details [F02℄).8 Summary of Known Approximation Resultsfor MIN-BISECTIONWe present here (Table 1) the best up to now approximation upper and lowerbounds for the instanes of MIN-BISECTION problem.Instanes Approx. Upper Approx. LowerGeneral O(log2n) Not knownDense PTAS {Sparse O(log2n) Equal to MIN-BISECTIONPlanar O(logn) Not known to be NP-Hardeven in exat settingSparse Planar O(logn) Equal to Planar MIN-BISECTIONMetri PTAS {Table 1Approximation Upper and Lower Bounds for MIN-BISECTION8



9 Further ResearhThe most hallenging and intriguing open problem remains the status of theMIN-BISECTION on general graphs. The known so far PCP-tehniques do notseem to yield any approximation lower bounds for that problem. The same holdsfor the known tehniques to approximate MIN-BISECTION. They do not seemto allow us to break the approximation fator at any level below O(logn), andthis even for 3-regular planar graphs. It seems that the improved upper andlower approximation bounds for MIN-BISECTION will require essentially newtehniques. This holds not only for the general MIN-BISECTION, but also forthe very restrited Planar MIN-BISECTION instanes, for whih we are not ableto prove at the moment even NP-hardness for the exat omputation, nor are weable to give any better than O(logn) approximation fators.Aknowledgments. My thanks go to Mark Jerrum, Piotr Berman, UriFeige, W. Fernandez de la Vega, Ravi Kannan, and Claire Kenyon for manystimulating disussions.Referenes[AKK95℄ S. Arora, D. Karger, and M. Karpinski, Polynomial Time Approx-imation Shemes for Dense Instanes of NP-Hard Problems, Pro.27th ACM STOC (1995), pp.284-293; the full version appeared in J.Comput. System Sienes 58 (1999), pp. 193-210.[AL97℄ S. Arora and C. Lund, Hardness of Approximations, in ApproximationAlgorithms for NP-Hard Problems (D. Hohbaum, ed.), PWS Publ.Co. (1997), pp. 399-446.[B83℄ B. S. Baker, Approximation algorithms for NP-omplete problems onplanar graphs, Proeedings of the 24th IEEE Foundation of ComputerSiene, 1983, pp. 265-273.[B82℄ F. Barahona, On the Computational Complexity of Ising Spin GlassModels, J. Phys. A. Math. Gen. 15 (1982) pp. 3241-3253.[BM86℄ F. Barahona and A. R. Mahjoub, On the Cut Polytope, MathematialProgramming 36 (1986), pp. 157-173.[BF99℄ C. Bazgan and W. Fernandez de la Vega, A Polynomial Time Ap-proximation Sheme for Dense MIN 2SAT, Pro. Fundamentals ofComputation Theory, LNCS 1684, Springer, 1999, pp. 91-999
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