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In the omparison model, if only omparisons between pairs of elements areallowed, the predeessor problem has time omplexity O(log n), where n isthe number of elements. A standard information-theoreti argument provesthat dlog ne omparisons are neessary. However in [E77℄, [EKZ77℄ a datastruture supporting predeessor queries in O(log logN) time, where N is thesize of the universe, was presented. Fusion trees, presented by Fredman andWillard [FW93℄, support predeessor queries inO(plog n) time, independentlyof the size of the universe. This result was further improved in other importantpapers, e.g., [A95℄, [AT00℄,[BF02℄.An important omputational model for proving lower bounds is the ell-probemodel [Y81℄. In this model the data is stored in ells, and eah of the ellsonsists of a �xed number of bits. Only the number of aesses to memoryells is ounted; hene, the ell-probe model is more powerful than the RAMmodel. Ajtai[A88℄ has shown that no polynomial spae data struture answerspredeessor queries in worst ase onstant time. In [Mil94℄ a 
(plog logN)lower bound was proven for N the size of the universe, and in [MNSW98℄ a
(log1=3 n) lower bound was proven. In the paper of Beame and Fih [BF02℄,it was shown that any data struture using nO(1) words of (logN)O(1) bits,requires 
(qlog n= log log n) and 
(log logN= log log logN) query time in theworst ase. This result was extended to randomized data strutures in [S03℄.It an also be shown that the 
(qlog n= log log n) lower bound remains validif the data struture onsists of nlogO(1) n words of (logN)O(1) bits. This an beshown by a simple hange of parameters in the proof of [S03℄; we provide theproof of this statement in the Appendix. All the above mentioned lower boundsare in the ell-probe model. In [BF02℄ the authors also presented a mathingupper bounds for the RAM model and polynomial spae, and transformed the�rst result into a linear spae and O(qlog n= log log n) time data struture,using the exponential trees of Andersson and Thorup [A96℄,[AT00℄. Reently,new upper and lower bounds for several important ases of the predeessorproblem (suh as linear or almost linear spae data strutures) were shown byP�atra�su and Thorup [PT06℄.Ajtai, Fredman and Koml�os [AFK84℄ have shown that if word size is n
(1),then predeessor queries have time omplexity O(1) in the ell probe model([Y81℄). The same result an be obtained for the RAM model using the fusiontree [FW93℄. Obviously, there exists a O(N) spae and O(1) query time statidata struture for the predeessor queries. Brodnik, Carlsson, Karlsson, andMunro [BCKM01℄ presented a onstant time and O(N) spae dynami datastruture. But their data struture uses an unusual notion of the word ofmemory: an individual bit may our in a number of di�erent words.It is interesting to ompare the predeessor problem and the sorting problemwith respet to the word size. In [AHNR95℄ it was shown that there is a2



randomized linear time algorithm for the integer sorting problem, if the wordsize w = 
(log2+" n) for any " > 0. On the other hand, if w = O(log n) we alsoan sort n integers in O(n) time. The predeessor problem an be solved inO(1) time and polynomial spae in the RAM model, if w = O(log n) or w =
(n") (using [FW93℄). Thus there are \good" solutions for both problems, ifthe word size is either small or very big. However, in the ase of the predeessorproblem the gap between \good" word sizes is signi�antly larger.While in real-time appliations every query must be proessed as soon as it isknown to the data base, in many other appliations we an ollet a numberof queries and proess the set of queries simultaneously. In this senario, thesize of the query set is also of interest. Andersson [A95℄ presented a statidata struture that uses O(n" logn) spae and answers log n predeessor queriesin time O(log n log log n); here and further " denotes an arbitrary positiveonstant. Bathed proessing is also onsidered in e.g., [GL01℄, where bathedqueries to unsorted data are onsidered.In this paper we present a stati data struture that uses O(np(n)) spae andanswers p(n) queries in O(plog n) time, for any p(n) = O(plog n). In par-tiular, we present a O(n"plogn) spae data struture that answers plog nqueries in O(plog n) time. The model used is the RAM model with word sizew, and the size of the universe is N = 2w. To the best of our knowledge,this is the �rst algorithm that uses No(1) spae and words with O(logN) bits,and ahieves O(1) amortized query time for bathed queries and for arbitraryN = !(n"plogn). From the extension of the lower bound of [BF02℄, [S03℄ itfollows that the O(1) query time annot be ahieved by a O(2logO(1) n) spaedata struture, if the size of the query set is o(qlog n= log log n).Our approah also leads to a O(np(N)) spae data struture that answers p(N)queries in time O(log logN), where p(N) = O(log logN). Thus, there existsa data struture that answers log logN queries in O(log logN) time and usesO(n" log logN) spae. For instane, for N = nlogO(1) n, there is a O(n" log logn)spae data struture that answers a bath of log log n queries in O(1) time perquery.The main idea of our method is to searh in a ertain way for predeessorsof all elements of the query set simultaneously. We redue the key size for allelements by multiple membership queries in the spirit of [BF02℄. When the keysize is suÆiently small, predeessors an be found by multiple omparisons.A similar approah was also used in the paper of Andersson[A95℄ that was thestarting point of our investigation.After some preliminary de�nitions in Setion 2, we give an overview of ourmethod in Setion 3. In Setion 3 a O(n2plogn+2) spae and O(1) amortized3



time data struture for bathed queries is also presented. We generalize thisresult and desribe its improvements in Setion 4.2 Preliminaries and NotationIn this paper we use the RAM model of omputation that supports addition,multipliation, division, bit shifts, and bitwise boolean operations in O(1)time. Here and further w denotes the word size; b denotes the size of the keys,and we assume without loss of generality that b is a power of 2. Query setQ = fx1; x2; : : : ; xqg is the set of elements whose predeessors should be found.Left and right bit shift operations are denoted with� and� respetively, i.e.x� k = x � 2k and x� k = x� 2k, where � is the integer division operation.Bitwise logial operations are denoted by AND, OR, XOR, and NOT. If x is abinary string of length k, where k is even, xU denotes the pre�x of x of lengthk=2, and xL denotes the suÆx of x of length k=2.In the paper of Beame and Fih [BF02℄, it is shown how multiple member-ship queries, an be answered simultaneously in O(1) time, if the word sizeis suÆiently large. The following statement will be extensively used in ouronstrution.Lemma 1 Given sets S1; S2; : : : ; Sq suh that jSij = ni, Si � [0; 2b � 1℄,and q � qwb , there is a data struture that uses O(bqQqi=1(4ni)) bits, anbe onstruted in O(qQqi=1(4ni)) time, and answers q queries p1 2 S1?; p2 2S2?; : : : ; pq 2 Sq? in O(1) time.This Lemma is a straightforward extension of Lemma 4.1 in [BF02℄ for thease when the sets Si are of di�erent size; for ompleteness, we provide itsproof in the Appendix.A predeessor query on a set S of integers in the range [0; 2b�1℄ an be reduedin O(1) time to a predeessor query on set S0 with at most jSj elements in therange [0; 2b=2�1℄. This well known idea and its variants are used in van EmdeBoas data struture [E77℄, x-fast trie [W83℄, as well as in the number of otherimportant papers, e.g.,[A95℄,[A96℄, [AT00℄.In this paper the following variant of this onstrution will be used. Consider abinary trie T for elements of S. Let T0 = T . Let H(S) be the set of non-emptynodes of T0 on level b=2. That is, H(S) is the set of pre�xes of elements in S oflength b=2. If jSj � 4, elements of S are stored in a list and predeessor queriesan obviously be answered in onstant time. Otherwise, a data struture thatanswers membership queries e0 2 H(S)? in onstant time is stored. Using hashfuntions, suh a data struture an be stored in O(n) spae. A reursively4



de�ned data struture (D)u ontains all elements ofH(S). For every e0 2 H(S)data struture (D)e0 is stored; (D)e0 ontains all length b=2 suÆxes of elementse 2 S, suh that e0 is a pre�x of e. Du and all De0 ontain keys in the range[0; 2b=2 � 1℄. (S)u and (S)e0 denote the sets of elements in (D)u and (D)e0respetively. For every node v of the global trie T that orresponds to anelement stored in a data struture on some level, we store v:min and v:max,the minimal and maximal leaf desendants of v in T . All elements of S arealso stored in a doubly linked list, so that the predeessor pred(x) of everyelement x in S an be found in onstant time.Suppose we are looking for a predeessor of x 2 [0; 2b � 1℄. If xU 2 H(S), welook for a predeessor of xL in DxU . If xL is smaller than all elements in DxU ,the predeessor of x is pred(xU:min). If xU 62 H(S), the predeessor of x ism:max, where m is the node in T orresponding to the predeessor of xU in(D)u. Using i levels of the above data struture a predeessor query with keylength b an be redued to a predeessor query with key length b=2i in O(i)time. We will all data strutures that ontain keys of length b=2i level i datastrutures, and the orresponding sets of elements will be alled level i sets.It was shown before that if word size w is bigger than bk, then predeessorqueries an be answered in O(log n= log k) time with help of paked B-treesof Andersson [A95℄ (see also [H98℄). Using the van Emde Boas onstrutiondesribed above, we an redue the key size from w to w=2plogn in O(plog n)time. After this, the predeessor an be found inO(log n=plog n) = O(plog n)time ([A95℄).The data struture desribed in the next setion has spae omplexityO(n2plogn+2).Hene, to address the elements of our data struture in onstant time, we needthe word sizew � (2 log3=2 n+2 log n). But in the ase w � (2 log3=2 n+2 log n),the universe size is N = O(n2plogn+2)Fat 1 If the universe size N = nO(plogn), then for any " > 0 there exists aO(1) time and O(n"plogn) stati data struture for predeessor queries.This statement an be proven by simply onstruting a trie with node degreen"plogn�1. If N = nplogn for some onstant , then the trie height is (1=")� =O(1), and the predeessor of an arbitrary x an be found in O(1) time. Thusif w � (2 log3=2 n + 2 log n), we an answer predeessor queries in O(1) timeusing a O(n"plogn) spae data struture. In the rest of this paper we assumew.l.o.g. that w � (2 log3=2 n+ 2 log n) 5



3 An O(1) amortized time data strutureWe start with a global overview of our algorithm. During the �rst stage of ouralgorithm plog n predeessors queries on keys xi 2 [0; 2b� 1℄ are redued in aertain way to plog n predeessor queries in [0; 2b=2plog n�1℄. The �rst phase isimplemented using the van Emde Boas [E77℄ onstrution desribed in Setion2. But by performing multiple membership queries, as desribed in Lemma 1,the key size ofplog n elements an be redued from b to b=2plogn inO(plog n)time. When the size of the keys is suÆiently redued, the predeessors of allelements in the query set an be quikly found. During the seond stage we�nd the predeessors of plog n elements from [0; 2b=2plog n � 1℄. Sine 2plognelements an be now paked into one mahine word, we an use the pakedB-trees of Andersson and �nd the predeessor of an element of the query setin O(log n= log(2plogn)) = O(plog n) time. In our algorithm, we follow thesame approah, but we �nd the predeessors of all elements of the query setin parallel. This allows us to ahieve O(plog n) time for plog n elements, orO(1) time per query.Simultaneous searh for predeessors is also used in the data struture forbathed queries of [A95℄. In [A95℄ the query set onsists of O(log n) elements,and the van Emde Boas data struture is applied to eah element of the queryset. The key size of all elements an be redued to w= log n in O(log n log log n)time. After this, the predeessors of all elements an be found in O(log n)time simultaneously. In our approah, we redue key sizes of all elementssimultaneously, using multiple membership queries and the method desribedin Theorem 1. This allows us to ahieve onstant query time and redue thespae from O(n" logn) to O(n"plogn). Besides that, the size of the query set isalso redued from O(log n) to O(plog n). It an be shown that this size of thequery set is almost optimal, i.e. onstant time per query annot be ahieved bya O(nplogn) spae data struture if the query set ontains o(qlog n= log log n)elements.In the following lemma we show, how plog n queries an be answered inO(plog n) time, if the word size is suÆiently larger than the key size, that isw = 
(b log n). Later in this setion we will show that the same time boundan be ahieved in the ase w = �(b)Lemma 2 If word size w = 
(b log n), where b is the size of the keys, thereexists a data struture that answers plog n predeessor queries in O(plog n)time, requires spae O(n2plogn+2), and an be onstruted in O(n2plogn+2)time. 6



b0 b0 b0bbb bq
x1 x2

b log n

xq

Fig. 1. The struture of word XjPROOF. Suppose we look for predeessors of elements x1; x2; : : : ; xp withp = plog n. The algorithm onsists of two stages :Stage 1. Range redution. During this stage the size of all keys is simul-taneously redued by multiple look-ups.Stage 2. Finding predeessors.When the size of the keys is small enough,predeessors of all keys an be found by multiple omparisons in paked B-trees.Stage 1. We start by giving a high level desription; a detailed desriptionwill be given below. Sine the word size w is log n times bigger than the keysize b, plog n membership queries an be performed \in parallel\ in O(1)time. Therefore, it is possible to redue the key size by a fator 2 in O(1) timesimultaneously for all elements of the query set.The range redution stage onsists of plog n rounds. During round j the keysize is redued from b=2j�1 to b=2j . By b0 we denote the key size during theurrent round; <u> denotes the string of length b with value u.Let X =<x1> : : : <xq> be a word ontaining all elements of the urrent queryset. We set X1 =<x11> : : : <x1q>, where x1i = xi, and we set S1i = S for i =1; : : : ; q. During the �rst round we hek whether pre�xes of x1; x2; : : : ; xq oflength b=2 belong to H(S), i.e. we answer multiple membership query (x11)U 2H(S11)?; (x12)U 2 H(S12)?; : : : ; (x1q)U 2 H(S1q )?. If (xi)U 62 H(S1i ), H(S1i ) issearhed for the predeessor of (xi)U, otherwise S(xi)U must be searhed forthe predeessor of (xi)L.Now onsider an arbitrary round j. At the beginning of the j-th round, wehek whether some of the sets Sj1; Sj2; : : : ; Sjq ontain less than �ve elements.For every i, suh that jSji j � 4, <xji > is deleted from the query set. Af-ter this we perform a multiple membership query (xj1)U 2 H(Sj1)?; (xj2)U 2H(Sj2)?; : : : ; (xjq)U 2 H(Sjq)?. We set Xj+1 =<xj+11 > : : : < xj+1q >, wherexj+1i = (xji )U if xji 62 H(Sji ), otherwise xj+1i = (xji )L. Sj+1i = H(Sji ), ifxji 62 H(Sji ), and Sj+1i = (Sji )(xi)U, if xji 2 H(Sji ).Detailed Desription of Stage 1. Words Xj , j = 1; 2; : : : ;plog n, are of7



size b log n (see Fig. 1). The rightmost qb bits of Xj onsist of q omponents ofsize b, where q � plog n; the leftmost b log n � qb bits of Xj ontain no dataat the beginning of the j-th round. In b0 rightmost bits of the i-th omponent(i.e. in bits ib+ 1; ib+ 2; : : : ib+ b0 of Xj) the key xji is stored; the other bitsin the i-th omponent are auxiliary bits that ontain no data.Let set tuple Si1; Si2; : : : ; Siq be an arbitrary ombination of sets of elements oflevel i data strutures (the same set an our several times in a set tuple).For every q 2 [1;plog n℄ and every set tuple Sji1; Sji2; : : : ; Sjiq , where Sjik aresets on level j, data struture D(Sji1 ; Sji2; : : : ; Sjiq) is stored. D(Sji1 ; Sji2; : : : ; Sjiq)onsists of :� mask M(Sji1 ; Sji2; : : : ; Sjiq ) 2 [0; 2q � 1℄. The (q + 1 � t)-th least signi�antbit of M(Sji1 ; Sji2; : : : ; Sjiq) is 1, i� jSjitj � 4.� word MIN(Sji1 ; Sji2; : : : ; Sjiq) =< m1 ><m2 > : : : < mq >, where mk =min(Sjik) is the minimal element in Sjik� if M(Sji1; Sji2 ; : : : ; Sjiq) = 0, data struture L(Sji1; Sji2 ; : : : ; Sjiq), whih allowsto answer multiple queries x1 2 H(Sji1)?; x2 2 H(Sji2)?; : : : ; xq 2 H(Sjiq)?.� Array DEL with q elements; DEL[t℄ ontains a pointer to data strutureD(Sji1 ; : : : ; Sjit�1; Sjit+1 ; : : : ; Sjiq).� Array NEXT with less than Qqk=1 4jSjik j elements;For every F 2 [0; 2q � 1℄, list LIST [F ℄ is stored; LIST [F ℄ ontains all indiesi, suh that the (q + 1 � i)-th least signi�ant bit of F is 1. We store aone-to-one hash funtion  : C ! [0; 2q � 1℄, where C is the set of integersv 2 [0; 2qb�1℄, suh that the ib-th bit of v is either 1 or 0, and all other bits ofv are 0. List BACKLIST [F ℄ ontains all indies i, suh that the (q+1� i)b-th least signi�ant bit of �1(F ) is 1. We store pointers to LIST [F ℄ andBACKLIST [F ℄ for all F in arrays LIST [℄ and BACKLIST [℄ respetively.Consider a round j, and suppose that the urrent set tuple is Sj1; Sj2; : : : ; Sjq .For every element i of LIST [M(Sj1; Sj2; : : : ; Sjq)℄ we do the following:1.xji is extrated from Xj. We set A := (Xj � (b(q � i)))AND(1b0) and�nd the predeessor of A in Sji . The predeessor of xji in Sji an be found inonstant time, sine jSji j � 4.2. We delete xji from Xj by Xj := (Xj AND 1(b(q�i)))+((Xj � (q�i+1)b)�(q � i)b), and derement q by 1.Then we extrat all xjk suh that xjk < MIN(Sjk). We perform a multipleomparison of Xj with MIN(Sji1; Sji2; : : : ; Sjiq) and store the result in wordC, suh that the (q + 1 � k)b-th bit of C is 1 if and only if xjk < min(Sjk).This multiple omparison an be performed in onstant time. We omputef = (C) and proess every element of BACKLIST [f ℄ in the same way aselements of LIST [F ℄ were proessed. 8



Now, a multiple query (xj1)U 2 H(Sj1)?; (xj2)U 2 H(Sj2)?; : : : ; (xjq)U 2 H(Sjq)?.must be proessed. We ompute Xj AND (0b�b01b0=20b0=2)q and bit shift theresult b0=2 bits to the right to get (Xj)U. The resulting word (Xj)U on-sists of the pre�xes of length b0=2 of elements xj1; xj2; : : : ; xjq. Using (Xj)U andL(Sj1; Sj2; : : : ; Sjq), query (xj1)U 2 H(Sj1)?; (xj2)U 2 H(Sj2)?; : : : ; (xjq)U 2 H(Sjq )?an be answered in O(1) time. The result is stored in word R suh that the(q+1�i)b-th least signi�ant bit of R is 1, i� (xji )U 2 H(Sji ), and all other bitsofR are 0. We also onstrut word (Xj)L that onsists of suÆxes of xj1; xj2; : : : xjqof length b0=2. (Xj)L is omputed by (Xj)L = Xj AND (0b�b0=21b0=2)q. We om-pute the words R0 = (R � (b � 1)) � 1b and R00 = R0 XOR 1qb. Now we anompute Xj+1 = (XL AND R00) + (XU AND R0).The pointer to the next data struture an be omputed in a similar way.Let h1; h2; : : : ; hq be hash funtions for the sets Sj1; Sj2; : : : ; Sjq . As shown inthe proof of Lemma 1, word P = h1(xj1)h2(xj2) : : : hq(xjq) an be omputed inonstant time. For every suh P , we store in NEXT [P ℄ a pointer to datastruture D(Sj+11 ; Sj+12 ; : : : ; Sj+1q )), suh that Sj+1i = H(Sji ), if xji 62 H(Sji ),and Sj+1i = (Sji )(xi)U , if xji 2 H(Sji ). Array NEXT has less than Qqk=1 4jSjik jelements.Afterplog n rounds, the range of the key values is redued to [0; 2b=(2plog n)�1℄.Stage 2. Finding Predeessors Now we an �nd the predeessors of ele-ments using the approah of paked B-trees (f. [H98℄,[A95℄). Sine more thanplog n2plogn keys �t into a mahine word, eah of urrent queried values anbe ompared with 2plogn values from the orresponding data struture. Heneafter at most plog n rounds the searh will be ompleted. In this paper weonsider an extension of the approah of paked B-trees for a simultaneoussearh in several data strutures, alled a multiple B-tree.Let p = plog n and t = 2plogn. Consider an arbitrary ombination oflevel p sets Spi1 ; : : : ; Spiq and paked B-trees Ti1; Ti2; : : : ; Tiq for these sets.Nodes of Tij have degree min(2plogn; jSpij j). The root of a multiple B-treeontains all elements of the roots of paked B-trees for Spi1 ; : : : ; Spiq . Everynode of the multiple B-tree that ontains nodes n1; n2; : : : nq has at most(2plogn)q hildren, whih orrespond to all possible ombinations of hil-dren of n1; n2; : : : nq (only non-leaf nodes among n1; : : : ; nq are onsidered).Thus a node of the multiple B-tree on the level k is an arbitrary ombinationof nodes of paked B-trees for sets Spi1 ; : : : ; Spiq on level k. In every node v,word Kv is stored. If node v orresponds to nodes v1; v2; : : : ; vq of paked B-trees with values v11; : : : ; vt1; v12; : : : ; vt2; : : : ; v1q ; : : : ; vtq respetively, then Kv =0v110v21 : : : 0vt1 : : : : : : 0v1q0v2q : : : 0vtq. Values v1i ; : : : ; vti, for i = 1; : : : ; q, are storedin Kv in an asending order. In every node we also store an array CHILD9



with 2n elements. Besides that in every node v an array DEL(v)[℄ and maskM(v) 2 [0; 2q+1�1℄ are stored; they have the same purpose as the array DELand mask M in the �rst stage of the algorithm: the (q+1� k)-th least signif-iant bit of M(v) is 1, i� the node of Tik stored in v is a leaf node. The heightof the multiple B-tree is O(plog n).Now we show how every omponent of X an be ompared with 2plogn valuesin onstant time. Let X =<x1><x2> : : : <xq> be the query word after theompletion of Stage 1. Although the length of <xi> is b, the atual lengthof the keys is b0, and b0 is less than b=(2plogn). Let s = 2plogn(b0 + 1), thens � b. We onstrut the word X 0 = �x1��x2� : : :�xq�, where eah �xi�onsists of 2plogn opies of xi divided by 0, and eah opy is of length b0, i.e.�xi� = 0xi b0+1 bitsz}|{0xi : : :0xi| {z }2plog n timesTo ahieve this, we opy X, shift the opy b0 + 1 bits to the left, and add theresult to X. The result is opied, shifted 2b0+2 bits to the left, and so on. Werepeat this plog n times to obtain 2plogn opies of eah key value xi.To ompare values stored in X 0 with values stored in node v, we omputeR = (Kv �X 0)AND W , where W is a word every (b0 + 1)-th bit of whih is1, and all other bits are 0. Let R be the set of possible values of R. Sinevalues v1i ; : : : ; vti are sorted, jRj = (2plogn)plogn = n. Hene, a hash funtionr : R ! [1; 2n℄ (one for all nodes ) an be onstruted. The searh ontinues ina node v0 = CHILD[r(R)℄. Sine the height of multiple B-tree is O(plog n),predeessors are found in O(plog n) time.Observe that if b < 2plogn, there is no need for Stage 2. This fat is furtherexploited in Theorem 3.Spae Analysis First we analyze the spae used during the Stage 1. Inan arbitrary data struture D(Sji1 ; Sji2; : : : ; Sjiq), L(Sji1; Sji2; : : : ; Sjiq) and ar-ray NEXT use O(qQqk=1 4jSjik j) spae, mask M(Sji1; Sji2 ; : : : ; Sjiq) uses on-stant spae, and array DEL uses O(q) spae. Hene, D(Sji1 ; Sji2 ; : : : ; Sjiq) usesO(qQqk=1 4jSjik j) spae. The total spae for all data struturesD(Sji1 ; Sji2; : : : ; Sjiq)is O( Xi1 2 [1; g℄;: : : ;iq 2 [1; g℄ q qYk=1 4jSjik j) (1)where g is the total number of sets Sji . Sine Sj1+Sj2+: : : � n2j , the total num-ber of terms in sum (1) does not exeed (n2j)q. Every produt qQqk=1 4jSjik j is10



less than nq22q. Hene the sum (1) is smaller than n2q2(j+2)q. Summing up byj = 1; : : : ;plog n, we get Pplognq=1 Pplognj=1 n2q2(j+2)q � Pplognq=1 n2q2(plogn+3)q.The last expression does not exeed n2plogn2(plogn+3)plogn+1 = O(n2plogn+2).Therefore the total spae used by all data strutures in stage 1 isO(n2plogn+2).Now onsider a multiple B-tree for a set tuple Spi1 ; Spi2; : : : ; Spiq . Every leafin this multiple B-tree orresponds to some ombination of elements fromSpi1; Spi2 ; : : : ; Spiq . Hene, the number of leaves is O(Qqk=1 jSpik j), and the to-tal number of nodes is also O(Qqk=1 jSpik j). Using the same arguments asabove, the total number of elements in all multiple B-trees does not exeedPplognq=1 n2q2(p+2)q = O(n2plogn+2). Hene, the total spae is O(n2plogn+2).A data struture D(Sji1 ; Sji2; : : : ; Sjiq) used in stage 1 an be onstruted inO(Qqk=1 4jSjik j) time. Hene, all D(Sji1 ; Sji2; : : : ; Sjiq ) for �xed j and q an beonstruted in O(n2q2(j+2)q), and all data strutures for the stage 1 an be on-struted in O(n2plogn+2) time. A multiple B-tree for set tuple Spi1; Spi2; : : : ; Spiqan be onstruted in O(Qqk=1 jSpik j) time. Therefore, all multiple B-trees anbe onstruted in O(n2plogn+2) time.2Now we onsider the ase when a mahine word ontains only b bits.Theorem 1 If word size w = �(b), where b is the size of the keys, there isa data struture that answers plog n predeessor queries in O(plog n) time,requires spae O(n2plogn+2), and an be onstruted in O(n2plogn+2) time.PROOF. Using the van Emde Boas onstrution desribed in Setion 2, thekey size an be redued from b to b= log n in log log nplog n time. However, wean speed-up the key size redution by multiple queries. The preliminary keysize redution for elements x1; x2; : : : ; xq onsists of log log n+1 rounds. Duringthe i-th round the length of the keys b0 is redued from b=2i�1 to b=2i. Hene,during the i-th round w=b0 > 2i�1, and 2(i�1)=2 membership queries an be per-formed in onstant time. Our range redution proedure is similar to the rangeredution proedure of Stage 1 of Lemma 2, but we do not derease q if somedata struture beomes small, and parameter q grows monotonially. Roughlyspeaking, the number of keys that are stored in a word and an be queriedin onstant time grows monotonially. For q � 2(j�1)=2 and every Sji1 ; : : : ; Sjiq ,where Sjik are arbitrary sets on level j, data struture D(Sji1 ; Sji2; : : : ; Sjiq ) de-sribed in Lemma 2 is stored.The range redution onsists of log log n + 1 rounds. At the beginning of11



round j, keys xj1; : : : ; xjq are stored in plog n=2(j�1)=2 words. Let t = 2(j�1)=2.For simpliity, we assume that all words Xji ontain t keys during eahround. Consider an arbitrary word Xji = xj(i�1)t+1; xj(i�1)t+2; : : : ; xjit, wherei = 1; : : : ;plog n=2(j�1)=2. In the same way as in Lemma 2, words (Xji )Uand (Xji )L an be omputed. Using the orresponding data struture L, query(x1)U 2 H(Sji1)?; (x2)U 2 H(Sji2)?; : : : ; (xq)U 2 H(Sjiq)? an be answered inonstant time, and Xj+1 an also be omputed in onstant time. At the endof round j, suh that j = 0( mod 2), elements are regrouped. That is, wedouble the number of keys stored in one word. Observe that we annot doublethe number of keys after eah round, beause we need spae for q2 keys inone word to perform q membership queries simultaneously. Sine the key sizehas dereased by fator 4 during the two previous rounds, word Xji is of theform 03b00xj(i�1)t+103b00xj(i�1)t+2 : : : 03b00xjit, where b00 = b0=4 and xjk 2 f0; 1gb00 .We onstrut for eah Xji a word ~Xji of the form xj(i�1)t+1xj(i�1)t+2 : : : xjit.First Xji is multiplied with (0tb0�11)t to get X ji . Then we perform bitwiseAND of X ji with a word (0tb01b0)t and store the result in X̂ji . X̂ji is of theform xj(i�1)t+10tb0+3b00xj(i�1)t+20tb0+3b00 : : :0tb0+3b00xjit. We an obtain ~Xji from X̂ji :Firstly, we multiply X̂ji with (10tb0+2b00�1)t�110tb0+3b00�1. Then, we bit shift theresult (t + 1)(t � 1)b0 � (t� 1)b00 bits to the right and perform bitwise ANDwith 1tb00 .Finally, we double the number of keys in a word by setting Xj+1i = ~Xj2i �tb0+ ~Xj2i+1, for i = 1; : : : ;plog n=2(j�1)=2+1. Therefore after every seond roundthe number of words dereases by fator 2. The total number of operations islimited by 2O(plog n)Pd(dlog logne=2)ei=1 12i�1 = O(plog n).Spae requirement and onstrution time an be estimated in the same way, asin the proof of Lemma 2. When the key size is redued to k= log n, predeessorsan be found using Lemma 2.24 Other ResultsIn this setion we desribe several extensions and improvements of Theorem1.Theorem 2 For p(n) = O(plog n), there exists a data struture that answersp(n) predeessor queries in time O(plog n), uses spae O(n2p(n)+2), and anbe onstruted in time O(n2p(n)+2)Proof Sketh The proof is analogous to the proof of Theorem 1, but query setQ ontains p(n) elements. 2 12



By setting p(n) = ("=2)plog n � 1 in Theorem 2, we obtain a data stru-ture that answers plog n predeessor queries in time O(plog n), uses spaeO(n"plogn), and an be onstruted in time O(n"plogn) for any " > 0.In a similar way we an also obtain the following:Corollary 1 For any " > 0 and p(n) = O(plog n), there exists a datastruture that answers p(n) predeessor queries in time O(plog n), uses spaeO(n"p(n)), and an be onstruted in time O(n"p(n)).PROOF. We apply Theorem 2 to p0(n) = ("=2)p(n) � 1By setting p(n) = plog n in the above Corollary, we obtain a data stru-ture that answers plog n predeessor queries in time O(plog n), uses spaeO(n"plogn), and an be onstruted in time O(n"plogn) for any " > 0.If the key size b is suh that log b = o(plog n) (i.e. log logN = o(plog n)),then a more spae eÆient data struture an be onstruted.Theorem 3 For p(N) = O(log logN), there exists a data struture that an-swers p(N) predeessor queries in time O(log logN), uses spae O(n2p(N)+2),and an be onstruted in time O(n2p(N)+2).Proof Sketh The proof is analogous to the proof of Theorem 1, but query setQ ontains p(N) elements. We apply log logN rounds of the Stage 1 (rangeredution stage) from the proof of Theorem 1. After this, the urrent key sizeb0 equals to 1 for all elements of the query set, and predeessors an be foundin a onstant time. 2Corollary 2 For any " > 0 and p(N) = O(log logN), there exists a datastruture that answers p(N) predeessor queries in time O(log logN), usesspae O(n"p(N)), and an be onstruted in time O(n"p(N)).If p(N) = log logN , we obtain a data struture that answers log logN pre-deessor queries in time O(log logN), uses spae O(n" log logN ), and an beonstruted in time O(n" log logN ).The lower bound of [BF02℄ and [S03℄ an be extended to data strutureswith spae O(nlogO(1)n) (s. Appendix B for the proof of this statement). Thusthe worst ase 
(qlog n= log log n) lower bound an be surpassed for O(np(n))predeessor data strutures where p(n) = w(plog log n) and p(n) = O(log n)if bathed queries are used. Sine k > 1 queries annot be answered fasterthan 1 query, this means that the size of the query set in our data strutureis almost optimal if onstant time per query must be ahieved.13



5 ConlusionIn this paper we have presented data strutures for bathed predeessor queries.These data strutures allow us to answer predeessor queries faster than thelower bound of [BF02℄ at the ost of higher spae requirements and bathproessing.We an use the following simple trik to answer a bath of n= log n predeessorqueries for any onstant  in O(log log n) time per query using linear spae.Suppose that n elements are stored in data struture A in sorted order. Wedivide A into dn= log ne groups A1; A2; Adn= log ne; all groups, but the last one,are of size log n. We selet one representative from eah subgroup and storethem in a sorted list A0. Using an integer sorting algorithm (e.g. [H02℄), wean sort n elements of query set Q in O(n log log n) time, then merge themwith elements of A0, and �nd predeessors of elements from Q in A0 in O(n)time. One we know the predeessor of some element q 2 Q in A0, we an�nd its predeessor in A in O(log log n) time. Using the same trik, we ananswer e.g. n=2plogn queries in O(log1=4 n) time: we divide A into groups ofsize 2plogn and store the predeessor data struture from [BF02℄ or [A95℄ foreah group.An existene of a linear (or polynomial) spae data struture, whih an answerp(n) queries when p(n) is signi�antly smaller than n (say, p(n) = pn) in timeo(qlog n= log log n) per query is an interesting open problem.AknowledgmentThe authors thank the anonymous reviewer for an observation that the lowerbound for predeessor queries an be extended to the ase of nlogO(1) spae.We also thank Pranab Sen for drawing our attention to [PT06℄.Referenes[AL62℄ G. M. Adelson-Velskii, E.M. Landis, An algorithm for the organization ofinformation, Dokladi Akademii Nauk SSSR, 146(2):1259-1262, 1962.[A88℄ M. Ajtai, A lower bound for �nding predeessors in Yao's all probe model,Combinatoria 8(3): 235-247 (1988).[AFK84℄ M. Ajtai, M. L. Fredman, J. Koml�os, Hash Funtions for Priority Queues,Information and Control 63(3): 217-225 (1984).14
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Appendix A.Proof of the Lower Bound for the Predeessor ProblemIn this Appendix we extend the lower bound of [BF02℄ and [S03℄ to datastrutures with O(nplogn) spae. Our proof is a straightforward extension ofthe lower bound of Sen and Venkatesh [SV03℄. This result is obtained simplyby hanging the parameters in the proof of Theorem 1 in [SV03℄. To make thispaper self-suÆient, we provide the proof and all neessary de�nitions in thisAppendix. A detailed desription of the ommuniation omplexity, ell probeomplexity, and their appliations to the lower bound proofs an be found ine.g., [MNSW98℄, [Mil99℄, [SV03℄.Reently, P�atra�su and Thorup [PT06℄ generalized the lower bounds of [BF02℄and [S03℄. The result of this Appendix an also be obtained from [PT06℄.De�nition 1 An (s;w; t) ell probe sheme for a stati data struture problemf : D � Q ! A has two omponents: a storage sheme and a query shemeThe storage sheme stores the data d 2 D as a table T [d℄ of s ells with wbits eah. Given a query q 2 Q, the query sheme omputes f(d; q) by makingat most t probes to T [d℄, where eah probe reads one ell at a time, and theprobes an be adaptive.In the above de�nition D is the domain of possible data, Q is the domain ofpossible queries, and A is the domain of possible answers.De�nition 2 A [t; l1; l2; : : : ; lt℄A ([t; l1; l2; : : : ; lt℄B) ommuniation protool isthe ommuniation protool in whih Alie (Bob) starts the ommuniation,the i-th message is li bits long, and the ommuniation goes on for t rounds.De�nition 3 A (t; a; b)A ((t; a; b)B) ommuniation protool is a [t; l1; l2; : : : ; lt℄A([t; l1; l2; : : : ; lt℄B) ommuniation protool, where Alie (Bob) starts, and li = afor i odd and li = b for i even (li = b for i odd and li = a for i even).De�nition 4 In the rank parity ommuniation game PARp;q Alie is givena bit string x of length p, Bob is given a set S of bit strings of length p, andthey have to ommuniate and deide, whether the rank of x in S (i.e. theardinality of the set fy 2 Sjy � xg) is odd or even. In the ommuniationgame PAR(k);Ap;q , Alie is given k bit strings x1; x2; : : : ; xk eah of length p,Bob is given a set S of bit strings of length p, jSj � q, an index i, suhthat 1 � i � k, and opies of x1; x2; : : : ; xi�1; they have to ommuniate anddeide, whether the rank of xi in S is odd or even. In the ommuniationgame PAR(k);Bp;q , Alie is given a bit string of length p and an index i, suhthat 1 � i � k, Bob is given k sets S1; S2; : : : ; Sk of bit strings of length p,jSjj � q, 1 � j � k, and they have to ommuniate and deide, whether the17



rank of x in Si is odd or even.The (N;n) stati predeessor problem is to store n elements from a universeof size N in a predeessor data struture.Fat 2 Let m be a positive integer suh that m is a power of 2. Suppose thereis a (nlogO(1) n; logO(1)N; t) randomized ell probe sheme for the (N;n) statipredeessor problem with error probability Æ. Then the rank parity ommuni-ation game PARlogN;n has a (2t + O(1); (log n)O(1); logO(1)N)A private oinrandomized protool with error probability Æ.Proof Sketh Suppose that the set S is stored in the data struture. Usinghash funtions, we an determine for eah element y 2 S its parity in O(1) ellprobes and O(n) spae. Thus, if there is a (nO(logO(1) n); logO(1)N; t) ell probesheme for the predeessor problem, there is also a (n(logO(1) n); logO(1)N; t +O(1)) sheme for the rank parity problem. Using [Mil94℄, this sheme an beonverted into a (2t + O(1); O(logO(1) n); logO(1)N) ommuniation protoolfor the rank parity problem.The proofs of the following fats an be found in e.g., [SV03℄.Fat 3 Let k; p be positive integers suh that kjp. A ommuniation protoolwith Alie starting for PARp;q gives us a ommuniation protool with Aliestarting for PAR(k);Ap=k;q with the same message omplexity, number of rounds,and error probability.Fat 4 Let k; q be positive integers suh that kjq, and k is a power of 2. Aommuniation protool with Bob starting for PARp;q gives us a ommuni-ation protool with Bob starting for PAR(k);Bp�logk�1;q=k with the same messageomplexity, number of rounds, and error probability.The following Lemma is an improvement of the Round Elimination Lemmafrom [MNSW98℄ and is proven in [SV03℄.Lemma 3 Suppose f : X�Y ! Z is a funtion. Suppose the ommuniationgame f (n);A has a [t; l1; l2 : : : ; lt℄A publi oin randomized protool with errorless than Æ. Then there is a [t� 1; l2; : : : ; lt℄B publi oin randomized protoolfor f with error less than Æ + (1=2)(2l1 ln 2=n)1=2.Theorem 4 Suppose there is a (nO(plogn); (logN)O(1); t) randomized ell probesheme for the (m;n) stati predeessor problem with error probability less than1=3. Then, t = 
( log logNlog log logN ) and t = 
(q lognlog logn).PROOF. The proof is analogous to the proof of Theorem 1 in [SV03℄; only18



ertain parameters are hosen di�erently.We hoose n = 2(log logN)2= log log logN . Let 1 = (2 ln 2)62, 2; 3 � 24 . Leta = (2 log n)4, b = (logN)3 , and t = log logN(1+2+3) log log logN .By Fat 2,to prove the desired lower bounds it suÆes to show that there is no(2t; a; b)A ommuniation protool for the rank parity ommuniation gamewith error less than 1=3.Given a (2t; a; b)A ommuniation protool for PARlogN;n with error less thanÆ, we an get a (2t; a; b) ommuniation protool for PAR(1at2);AlogN1at2 ;n with errorprobability at most Æ by Fat 3. Using Lemma 3, we get a (2t � 1; a; b)Bpubli oin ommuniation protool for PAR logN1at2 ;n with error probabilityÆ + (12t)�1. By Fat 4, we get a (2t � 1; a; b)B ommuniation protool forPAR(1bt2);BlogN1at2�log(1bt2)�1; n1bt2 with error at most Æ+(12t)�1. Sine logN21at2 � log(1bt2)+1, this implies a (2t�1; a; b)B ommuniation protool for PAR(1bt2);BlogN21at2 ; n1bt2 witherror at most Æ + (12t)�1. We use Lemma 3 again, and get a (2t � 2; a; b)Aommuniation protool for PAR logN21at2 ; n1bt2 with error probability at mostÆ + 2(12t)�1.We repeat the above steps t times and obtain a (0; a; b)A publi oin random-ized protool for PAR logN(21at2)t ; n(1bt2)t with error at most Æ + 2t(12t)�1. SineÆ < 1=3, Æ + 2t(12t)�1 < 1=2. Besides that, n(1bt2)t = n
(1), and logN(21at2)t =logN(21(logn)3=2t2)t . Sine t = log logN(1+2+3) log log logN and n = 2(log logN)2= log log logN ,(log n)4t2 = O((log logN)4+2) = O(2(4+2) log log logN). Therefore (21at2)t =O(2(4+2) log log logN log logN(1+2+3) log log logN = O(2(4+2) log logN=(1+2+3) = (logN)0 forsome 0 < 1, and logN(21at2)t = (logN)
(1).Hene, we obtain a zero-round protool for a non-trivial ommuniation prob-lem PAR logN(21at2)t ; n(1bt2)t with error less than 1/2, whih is a ontradition.Appendix B.Proof of Lemma 1Lemma 1 Given sets S1; S2; : : : ; Sq suh that jSij = ni, Si � [0; 2b � 1℄, andq � qwb , there is a data struture that uses O(bqQ 2dlognie+1) bits, an beonstruted in O(qQ 2dlognie+1) time, and answers q queries p1 2 S1?; p2 2S2?; : : : ; pq 2 Sq? in O(1) time. 19



PROOF. Let ri = dlog nie. Following the presentation in [BF02℄, we on-strut two-level hash funtion hi : [0; 2k � 1℄ ! [0; 2ri+1 � 1℄ whih areone-to-one on Si. It is possible to �nd onstants ai; ai;ji; pi;ji , and ri;ji, fori = 1; : : : ; q and ji = 0; : : : ; 2ri+1� 1, and onstrut funtions fi; gi;ji and hi;ji,for i = 1; : : : ; q and ji = 0; : : : ; 2ri+1 � 1, suh that:fi(x) = aix mod 2k � 2k�1�rgi;ji(x) = ai;jix mod 2k � 2k�ri;jihi(x) = pi;f(x) + gi;f(x)(x)and funtions hi are one-to-one on Si. Furthermore, we an onstrut fourarrays A;R;P , and M , where:A[j1; j2; : : : ; jq℄ =<aq;jq><0> : : : <0><a1;j1>R[j1; j2; : : : ; jq℄ =<2rq ;jq><0> : : : <0><2r1 ;j1>P [j1; j2; : : : ; jq℄ = p1;j1 : : : pq;jqM [[j1; j2; : : : ; jq℄ =<x1> : : : <xq>, suh that either hi(xi) = ji and xi 2 Si, orhi(xi) 6= ji and ji 62 hi(Si).Arrays A;R;P and M ontain Q 2dlognie+1 elements. Given a word Z =<z1>: : : <zq>, the string H = h(z1) : : : h(zq) an be omputed in O(1) time, asdesribed in Lemma 4.1 in [BF02℄. Now we an ompare the b-bit omponentsof M [H℄ and Z. To do this, we ompute E = (M [H℄ OR Z) AND (01b�1)q,subtrat E from (10b�1)q to get E0. Finally, ompute AND of E 0 with (10b�1)qand ~E = NOT(M [H℄ AND Z). In the resulting string the b(q + 1 � i)-th bitis 1 if and only if zi 2 Si and all other bits are always 0.Constants ai; ai;ji; pi;ji, and ri;ji, and funtions fi; gi, and hi an be onstrutedin O(Pqi=1 b22ri) time. The arrays an be onstruted in O(qQ 2dlognie+1) time.2
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