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1 Families of hyperplanes in a generic positionLet L = S1�i�mHi � Rn be a union of hyperplanes. We intend to de�ne a versionof what does it mean that L is in a generic position.If Q = T 1�j�tHij has the dimension dimQ = l we call Q l{face of L. Also0{faces we call vertices. If a hyperplane H contains some l{face for rather l then Hcontains many vertices of L. The generic position for L means, informally speaking,that this is the only reason for H to contain many vertices of L.De�nition. We say that L is in a generic position if for some c1 > c2 > 0; c3 >0 and any hyperplane H � Rn1) L has s � mc1n vertices,2) each vertex belongs to exactly n hyperplanes of L,3) the number of vertices v lying in H for which there is no l{face contained inH such that this l{face contains v, where l � c3n, does not exceed mc2n.One can show that if H1; : : : ;Hmsatisfy the property of algebraically indepen-dence, namely, that m � n coe�cients aij of all linear equations for H1; : : : ;Hm �i.e. Hi = �P1�j�n aijXj = 1	� are algebraically independent over Q then L is ina generic position.Moreover, one can prove in this case the following. Let Q1; : : : ; Qt be all maxi-mal (in the sense of inclusion) faces of L containes inH, thenP1�i�t dim(Qi+1) �n. Thus, the number of vertices in the item considered in the item 3 of the de�nitiondoes not exceed n �mc3n since any l{face cannot contain more than ml vertices ofL. Let D be a probabilistic linear search algorithm (or brie
y �{PLSA) recognizingL with two{sided error � < 1=2 (one can �nd in [1], [2] the concepts used in thepresent paper).Theorem. If L is in a generic position then the runtime of D is greater than
 (n logm).Note that the similar result was claimed in [1] even without the condition 3)from the de�nition of a generic position, but the proof contained a mistake.For a value of the random parameter 0 � 
 � 1 by D
 we denote the corre-sponding LSA (cf. [1]).Recall that in [2] it is proved that one can obtain � {PLSA recognizing the samelanguage L as D for any cinstant � > 0 increasing the runtime of D by at most aconstant factor. We shall use this remark to make � as small as desired.As in [1] one shows that for any vertex of L there exists � > 0 such that eachhyperplane occuring as a testing one in D which intersects the closed ball B�(v) ofthe radius � and with the center in v, should pass through v.2



Similar to [1] select from D all the testing hyperplanes passing through v. Thenthe obtained thereby D 0 is � {PLSA recognizing the language L\B�(v), when beingrestricted on B�(v).Making a suitable a�ne transformation, we can assume that v is the coordinateorigin and besides, the hyperplanes fromL passing through v, are just the coordinatehyperplanes fX1 = 0g; : : : ; fXn = 0g.For any 0 � 
 � 1 each leaf of D 0
 provides a polyhedra V of the formfL1 = 0g \ : : : \ fLq1 = 0g \ fLq1+1 > 0g \ : : : \ fLq > 0gfor some testing hyperplanes L1; : : : ; Lq. Then P = fL1 = : : : = Lq = 0g is theminimal (in the sense of inclusion) face of the closure of V . If q1 = 0 then V isopen. Polyhedra corresponding to all the leaves of D 0
 form the partition Rn.For the time being we �x 0 � 
 � 1 and an open polyhedron V . Denote by � (V )the maximal dimension of the faces of L passing through v which are contained in P .Any such face of L has the form T i2IfXi = 0g for a certain subset I � f1; : : : ; ng.Observe that if two faces T i2IfXi = 0g and T i2JfXi = 0g of L are containedin P then the face T i2I\JfXi = 0g is contained in P as well. Thus, there is theunique maximal face of the form T i2IfXi = 0g contained in P and its dimensionequals to � (V ).2 Estimating spherical measure of intersections ofa polyhedron with the coordinate hyperplanesFor any set W � Rn consider its cone C(W ) with the vertex in the rorigin and by�n(W ) = �n(C(W ) \ B1)=�n(B1) where �n is the usual Borel measure in Rn andthe ball B1 = B1(0) (we consider only measurable sets).Take any line h 2 P passing through the origin (provided that dimP > 0 andsuch a line does exist) and let H be a hyperplane orthogonal to h and passingthrough the origin.Lemma 1. �n(V ) = �n�1(V \H)Proof. Actually, a more general statement holds. For any subset U � H forthe direct product U � h � Rn we have �n(U � h) = �n�1(U ). To prove the latterstatement one can consider a partition of H\B1 = U0[ : : : [Ut into \small" pieceswhere Ui = Ri(U0), 1 � i � t for appropriate rotations Ri of H. Extend every Rito the rotationRi ofRn by leaving h invariant. Then 1 = �n(B1) = (t+1)�n(U0�h)and 1 = �n�1(H \B1) = (t + 1)�n(U0). The standard arguing with approximationof U by a partitioning into \small" pieces completes the proof of the lemma. 23



Lemma 2. If � {PLSA D 0 recognizes the language L \ B�(v) (where L is in ageneric position), being restricted on B�(v), where v is a vertex of L, then with aprobability � p = 1� 2�c3 (thus, we assume that � < c3=2, see the remark in section1), a certain leaf of D 0
 provides an open polyhedron V with �(V ) � c3n.Proof. Suppose the contrary. Recall that we assume that v coincides with theorigin and among the hyperplanes H1; : : : ;Hm there are fX1 = 0g; : : : ; fXn = 0g.Then 1 =P �n(V ) where the summation ranges over all open polyhedra V providedby the leaves of D 0
 . Assume that for a particular value of the random parameter0 � 
 � 1 for all open V we have � (V ) > c3n.Let P be the minimal face of V , then P � fXi1 = : : : = Xil = 0g for some in-dices 1 � i1; : : : ; il � n with l < (1�c3)n. For any index j 2 f1; : : : ; ngnfi1; : : : ; ilglemma 1 entails �n�1�V \ fXj = 0g� = �n(V ). Therefore PV P1�i�n �n�1�V \fXi = 0g� > c3n. By the supposition the expectation of the latter sum over thevalues of the random parameter 0 � 
 � 1 is greater thanE�XV X1�i�n�n�1�V \ fXi = 0g�� > (1 � p)c3n = 2�n:This contradicts to the de�nition of � {PLSA taking into account that for anypoint from V \ fXi = 0g the output of D 0
 is the same as for the points, from itssmall neighbourhood, so D 0
 does not distinguish them. The obtained contradictionproves the lemma. 23 Lower bound on the number of faces in PLSANow we complete the proof of the theorem, the arguing is similar to one in [1].Applying lemma2 to each vertex of L we conclude that there exists a value 0 � 
 � 1of the random parameters such that for at least ps vertices v of L there is an openpolyhedron V provided by corresponding to a leaf of D
 such that V hast a faceP (which could be not a minimal face of P unlike the local situation in section 2)containing v and if some l{face of L is contained in P and contains v then l � c3n.To every such vertex v let us correspond a face p (if there are several such facesthen correspond any of them).Since L is in a generic position (see the de�nition), any face P of D
 could becorresponded to at most mc2n vertices of L. Hence there are at least ps=mc2n =pm(c1�c2)n faces of D
 . But on the other hand, the number of faces in D
 doesnot exceed s2T (cf. [1]), therefore 22T � pm(c1�c2)n, this completes the proof of thetheorem. 4
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