
On Approximation Hardness of Dense TSPand other Path ProblemsW. Fernandez de la Vega and M. KarpinskiFebruary 20, 1998AbstractTSP(1,2) is the problem of �nding a tour with minimum lengthin a complete weighted graph where each edge has length 1 or 2. Letdo satisfy 0 < do < 1=2. We show that TSP(1,2) has no PTAS onthe set of instances where the density of the subgraph spanned bythe edges with length 1 is bounded below by do. We also show thatLONGEST PATH has no PTAS on the set of instances with densitybounded below by do.Key words:Approximation Schemes, TSP, Hamiltonian cycle Approxima-tion Hardness, Density Classes
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1 IntroductionThere have been recently several negative results concerning particular casesof the TSP and LONGEST PATH problem. Trevisan [T97] proved that met-ric TSP is Max-SNP-hard in Rlogn for every `p metric. (Arora proved [A97]that metric TSP has a PTAS for every �xed dimension.) Papadimitriou andYannakakis [PY93] proved that TSP(1,2), the traveling salesman problemwith lengths one and two, is Max-SNP-hard. Using this result, Karger, Mot-wani and Ramkumar [KMR93] proved that LONGEST PATH is not constantfactor approximable unless P=NP, even for graphs with maximum degree 4.Moreover, they proved that LONGEST PATH has no PTAS (polynomialtime approximation scheme) on Hamiltonian graphs. Both results were im-proved by Bazgan, Santha and Tuza [BST98] who showed that LONGESTPATH is not constant factor approximable for cubic Hamiltonian graphs,unless P=NP.The purpose of this note is to prove that LONGEST PATH and TSP(1,2)are both Max-SNP-hard for "dense" instances. We de�ne the density d of agraph G as the ratio �(G)=jV (G)j where �(G) is the minimum valency of G.We shall prove the following theoremsTheorem 1 Let H be the graph spanned by the edges of length 1 in aninstance G of TSP(1,2) and let do satisfy 0 < do < 1=2. Then, TSP(1; 2) isMax-SNP-hard when restricted to the instances in which the density of H isat least doTheorem 2 Let do satisfy 0 < do < 1=2. Then, LONGEST PATH is Max-SNP-hard when restricted to instances with density at least doThe next theorem is immediate from Theorem 2 and the fact, observed byKarger, Motwani and Ramkumar [KMR93], that, for any set of instances,a PTAS for LONGEST PATH implies a PTAS for TSP(1,2) on the corre-sponding subset of Hamiltonian instancesTheorem 3 Let do satisfy 0 < do < 1=2. Then, LONGEST PATH has noPTAS when restricted to Hamiltonian instances with density at least doBefore turning to the proofs of Theorems 1 and 2, let us remind the readerof the following theorem of Dirac.Dirac's Theorem A graph G on n vertices with minimum degree �(G) � n2is Hamiltonian. 2



The proof of Dirac is completely constructive: it allows one to �nd quicklyan Hamiltonian cycle in any graph which satis�es to the condition of thetheorem. In view of Dirac's theorem our theorems are best possible in thesense that in none of them can we replace the upper bound for do by anynumber greater than or equal to 1/2.2 The ProofsWe consider simple undirected graphs. The vertex set and the edge set of agraph G are denoted by V (G) and E(G), respectively. For anyX � V (G), wedenote by G[X] the subgraph of G spanned by X. By a covering of a graphwe mean a covering of the vertices of this graph by pairwise vertex-disjointpaths.Proof of Theorem 1 Let G be an instance of TSP(1,2), i.e. G is a completegraph where each edge has length 1 or 2. Let H denote the subgraph of Gwith V (H) = V (G) and which contains only the edges of G of length 1. LetC denote a covering of V (H) by disjoint paths. (The paths in C may containjust one vertex.). Let e(C) denote the number of edges in C. Clearly, we canalways extend C to a tour with lengthe(C) + 2(n� e(C)) = 2n � e(C):Therefore, we can reformulate TSP(1; 2) as the problem of �nding a coveringof V (H) containing the maximum number of edges of H. Fix � > 0 and splitthe vertex set of H into three parts X;Y and Z with jXj = �n; jY j = jZj =(1 � �)n=2. Assume that Y is an independent set, that all the edges linkingX to Y and Y to Z are present and that there are no edges between X andZ. Otherwise, H is arbitrary.Let l�(H) denote the maximum number of edges in a covering of V (H).Similarly, let `�(H[X]) denote the maximum number of edges in a coveringof X by paths in the subgraph H[X] of H spanned by X. We claim that wehave `�(H[X]) + (1 � �)n� 1 � `�(H) � `�(H[X]) + (1� �)n:The left-side of this inequality is clear: Any covering of X using m edges,say, can be augmented into a covering of V(G) with m+ (1 � �)n� 1 edgessince the subgraph spanned by the set of vertices Y [ Z is Hamiltonian.3



For the other direction, let Q be an optimal covering of V (G). Then the setQ \ E(X) is a partial covering of Z and thus it contains at most `�(H[X])edges. Now, for any covering of H there are at most 2 edges adjacent to anyvertex. Since every edge not in X is incident to a vertex in Y , it followsimmediately that Q contains at most `�(H[X]) + (1 � �)n edges. The claimimplies that in order to approximate `�(H) with an arbitrary small relativeerror, we must approximate `�(H[X]) with a relative error which will alsobe arbitrary small. But this is not possible since unrestricted TSP(1; 2) isMax-SNP hard. 2Proof of Theorem 2 Let us show that a PTAS for LONGEST PATH(in any given class of simple graphs) implies a PTAS for TSP(1,2) in thecorresponding class of instances. Thus, for each �xed � > 0, assume that wecan obtain in polynomial time for each graph H in our class, a path P oflength at least (1� �)n� where n� is the length of the longest path of H. Letus write w� = n� + �where w� denotes the optimumvalue of TSP(1; 2) for the instance G obtainedfrom H by adding all the edges of KnnE(H) with lengths equal to 2.. Now,by adding edges of length 2 to the path P , we can clearly obtain a tour withlength w � (1� �)n� + 2�n� + � = (1 + �)n� + �. We have thusww� � (1 + �)n� + �n� + � � 1 + �:Since � is arbitrarily small, this implies a PTAS for TSP(1,2). 2References[A97][T97] Luca Trevisan,When Hamming Meets Euclid: The Approxima-bility of Geometric TSP and MST, STOCS 29, 1997,pp. 21-29[BST98] C. Bazgan, M. Santha and Zs. Tuza, On the approximationof �nding a(nother) Hamiltonian cycle in cubic Hamiltonian4



graphs, 15th Annual Symposium on Theoretical Aspects ofComputer Science (1998), to appear.[KMR93] D. Karger, R. Motwani, G. Ramkumar, On Approximatingthe Longest Path in a Graph, Proc. of 3rd Workshop on Al-gorithms and Data Structures, LNCS 709 (1993), 421{432.Also appeared in Algoritmica 18 (1997), 82{98.[PY91] C. Papadimitriou and M. Yannakakis, Optimization, Approxi-mation and Complexity Classes, Journal of Computer and Sys-tem Science 43 (1991), 425{440.[PY93] C. Papadimitriou and M. Yannakakis, The traveling salesmanproblem with distances one and two, Mathematics of OperationsResearch 18(1) (1993), 1{11.
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